In this correspondence our aim is to use some tight lower and upper bounds for the differential quaternary phase shift keying transmission bit error rate in order to deduce accurate approximations for the bit error rate by improving the known results in the literature. The computation of our new approximate expressions are significantly simpler than that of the exact expression.
very recently Sun et al. [4] proposed another approximation for BER. In this correspondence we make a contribution to the subject by using some new results on Marcum Q-function: we deduce a new tight upper bound for the BER and combining this with some existing tight bounds we construct some new accurate approximations. These results improve and complement the results of Ferrari and Corazza [1] , and also of Sun et al. [4] . In Section II we discuss the bounds for BER of DQPSK, in Section III we present five new approximations for BER and we compare them with the similar ones deduced from inequalities for the Marcum Q-function. Finally, in Section IV the conclusion of the paper is given.
II. BOUNDS FOR BER OF DQPSK
It is known that for the DQPSK transmission with Gray coding over an AWGN channel the BER can expressed as follows [5] :
where
and γ is the bit signal-to-noise ratio (SNR). Here Q(a, b) stands for the Marcum Q-function, defined by
where b ≥ 0, a > 0 and I 0 is the modified Bessel function of the first kind and zero order. Note that the Marcum Q-function play an important role in the studies of digital communications over fading channels [6] . Now, let us consider the complementary error function, defined by
and for shortness let us introduce the notation
Recently, Ferrari and Corazza [1] by using their bounds from [7] (see also [8] ) for the Marcum
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It is important to mention here that motivated by the above results of Ferrari and Corazza, very recently Wang and Wu [3] proved that
while Baricz and Sun [2] proved that
where in both of the inequalities b ≥ a > 0 and
Now, by using the above lower and upper bounds for the Marcum Q-function, Sun et al. [4] deduced the following:
We note that the lower and upper bounds for the Marcum Q-function of Wang and Wu [3] and of Baricz and Sun [2] , mentioned above, are tighter than (2) and (3), as it was pointed out in [2] , [3] . This in turn implies that the bounds L 2 and U 2 are tighter than the bounds L 1 and
Now, let us consider the following inequality
, which holds for all b ≥ a > 0 and it was deduced by Baricz [9] . note that in the above inequality the constant λ 0 is best possible, that is, cannot be replaced by any larger constant. Since the above inequality is an improvement of (3), its equivalent form
clearly provides a better upper bound than (3) , that is, we have U 3 < U 1 . The lower and upper bounds L 1 , L 2 , U 1 , U 2 and U 3 are shown in Fig. 1 together with the exact BER as functions of the SNR on the interval (0, 1.5) . Surprisingly, all of these bounds are extremely tight.
III. APPROXIMATIONS FOR BER OF DQPSK
Observe that there is an interesting formal symmetry between the bounds L 1 and U 1 , as well as between the bounds L 2 and U 2 . Based on the tight bounds L 1 and U 1 , and in view of the formal symmetry, Ferrari and Corazza [1] pointed out that it is natural to approximate the BER simply by considering the arithmetic mean of the quantities L 1 and U 1 . In this spirit, they derived the following approximate expression for BER:
i.e.
where A(x, y; ω) = ωx + (1 − ω)y is the weighted arithmetic mean of x and y with weights ω, 1 − ω > 0. By using the same idea, it is natural to propose the following new approximate expressions for BER:
that is,
and
ae(a, b) e ab + λ 0 .
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We note that these approximations are better than BER 1 . A similar approximation to that of BER 2 was proposed recently by Sun et al. [4] in the form
however, this is better than BER 1 only for γ ∈ (0.9, 1.4). Motivated by the above results, in this correspondence our aim is to propose the following approximations based on better weight functions ω i , i ∈ {5, 6, 7} :
(γ+0.5) 1.5 · 1 2π
These approximations can be rewritten as follows
It is important to note here that the computations of approximate BER expressions BER i , where i ∈ {1, 2, . . . , 7}, completely avoid the computation of the Marcum Q-function. Tables I and II contain an estimate of BER by using the Matlab function marcumq (BER) and the estimates based upon BER i , where i ∈ {1, . . . , 7}. As we can see the approximations BER i , where i ∈ We give a hint about the construction of the weight functions. By using the values of BER, L 1 , L 2 , U 1 , U 2 and U 3 first we calculated numerically the values of the weight functions. The representation of the initial numerical values for ω 6 can be seen in Fig. 2 . This looks like the probability density function of the normal distribution but having a heavy tail, so we started to search for expression involved in probability density functions with heavy tails (eg. Student, Lévy, α−stable). By using the same idea the parameters in the expression of the functions ω i , i ∈ {5, 6, 7}, were obtained by numerical experimentations. Now, in order to estimate the tightness of the new approximate expression and to compare with the tightness of the known approximate expressions, for i ∈ {5, 6, 7} let us consider the relative errors ε i (BER i − BER) /BER. Table III 
